Abstract. The Schrödinger equation for an atomic beam predicts that it must have a phase anomaly near the beam waist analogous to the Gouy phase of an electromagnetic beam. We propose here a feasible experiment which allows for the direct determination of this anomalous phase using Ramsey interferometry with Rydberg atoms. Possible experimental limitations are discussed and shown to be completely under control within the present day technology. We also discuss how this finding can open the possibility to use the spatial mode wavefunctions of atoms as q-dits, since the Gouy phase is an essential ingredient for making rotations in the quantum states.
Introduction
As early as 1890, Gouy [1, 2] has demonstrated the existence of an anomalous phase, which carries his name, Gouy phase, using classical electromagnetic fields in the paraxial wave regime. This anomaly exists for any wave, including acoustic waves, and results in a phase advance of π for the amplitude of a Gaussian beam after passing through the focus, propagating from −∞ to +∞, in relation to a plane wave. This phase anomaly has important consequences in optics and has been highly exploited in recent experiments [3, 4, 5, 6, 7, 8, 9] .
It was soon realized that the paraxial wave equation for light is formally equivalent to the 2-dimensional Schrödinger equation for a free particle [10, 11, 12, 13] . This implies that the Gouy phase, which is present in the solutions of the paraxial equation, must also be present in the solutions of the Schrödinger equation for a free particle. Recently we have shown [12] that the Gouy phase for matter waves is compatible with diffraction experiments made with fullerene molecules [14] by noting that the matter counterpart of the Gouy phase is directly related to the covariance ∆xp = xp +px /2, wherex and p are the position and momentum operators for the molecules center of mass in the x direction. However, this is an indirect evidence, and a direct measurement of the Gouy phase for matter waves might prove to be an interesting research tool. And with the experimental advance that is actually in progress, the Gouy phase may soon acquire the same importance for matter waves as it already has for electromagnetic waves.
The paraxial Helmholtz equation describes the behaviour of the amplitude A(r) of an electromagnetic wave written as E(r, t) = A(r)exp(ikz − iωt) when A(r) varies slowly with z such that ∂ 2 A/∂z 2 may be disregarded in relation to k∂A/∂z. With this consideration, the wave equation gives [15] 
The above equation is completely equivalent to the 2-dimensional Schrödinger equation for a free particle if we make the substitutions k → m/ and z → t, where m is the mass of the particle, with the particle wavefunction ψ(x, y, t) in the place of A(x, y, z).
One particular solution of the above equation is the Gaussian beam in the x direction, where we disregard the behaviour of the beam in the y direction [15] 
The total variation of the Gouy phase when we go from z = −∞ to z = +∞ with this beam is π/2. If the y dependence of the amplitude is the same as the x dependence, the Gouy phase for the y confinement is summed to the phase due to the x confinement and a total phase of π is obtained. However, in our proposal the atomic beam, that will have a behaviour analogous to an electromagnetic beam, will be confined only in the x direction. We will also consider that the energy associated with the momentum of the atoms in the z direction is very high, such that we can consider a classical movement of the atoms in this direction, with the time component given by t = z/v z . So the x component of the atomic wave function will have the same form as (2) with the substitutions k → m/ and z → z/v z .
Experimental proposal
Atoms interacting with electromagnetic fields can suffer mechanical effects, like deflections or deviations of the motion of their center of mass [16, 17] . This property is useful in atomic optics, since it allows for the construction of devices that focus matter beams [13, 18, 19, 20] , in an analogous way to the focalization of light beams by ordinary lenses. In wave optics, it is well known that the fields suffer the Gouy phase shift in the focus region, like the Gaussian beam described above around z = 0. In a previous working we explicitly showed that the same anomaly should occur around the focus of an atomic beam [13] . In order to experimentally observe this effect we propose an experiment with a focused Gaussian atomic beam. We will use a cylindrical focusing in the x direction, without changing the beam wavefunction in the y direction, what makes the total Gouy phase be π/2. Figure 1 . Sketch of the experimental setup to measure the Gouy phase for matter waves. Rydberg atoms are sent one-by-one with well-defined velocity along the z-axis. A slit is used to collimate the atomic beam in the x-direction. The Ramsey zones R 1 and R 2 are two microwave cavities fed by a common source S, whereas C 1 and C 2 are two high-Q microwave cavities devised to work as thin lenses for the atomic beam. The field inside these cavities is supplied by common source S ′ . The state of each atom is detected by the detector D.
The experimental setup we propose to measure the Gouy phase shift of matter waves is depicted in figure 1 . This proposal is based on the system of [21] . Rubidium atoms are excited by laser to a circular Rydberg state with principal quantum number 49 [22, 23] , that will be called state |i , and their velocity on the z direction is chosen to have a fixed value v z . As it was stated before, we will consider a classical movement of the atoms in this direction, with the time component given by t = z/v z . A slit is used to prepare a beam with small width in the x direction, but still without a significant divergence, such that the consideration that the atomic beam has a plane-wave behaviour is a good approximation. The relevant atomic states for the experiment, |g , |e and |i , along with the transition frequencies among them, are illustrated in figure 2. If we disregard the cavities C 1 and C 2 , the setup is that of an atomic Ramsey interferometer [24] . The cavity R 1 has a field resonant or quasi resonant with the transition |i ⇔ |g and results in a π/2 pulse on the atoms, that exit the cavity in the state (|i + |g )/ √ 2 [21, 24, 25] . After passing through the cavity R 1 , the atoms propagate freely for a time t until the cavity R 2 , that also makes a π/2 pulse on the atoms. Calling ω g and ω i the energy of the internal states |g and |i respectively, ω r the frequency of the field in the cavities R 1 and R 2 and defining ω gi ≡ ω g − ω i , the probability that detector D measures each atom in the |g state is , 24, 26] . Upon slightly varying the frequency ω r of the fields in cavities R 1 and R 2 , the interference fringes can be seen [21, 24, 26] .
The cavities C 1 and C 2 act as selective atomic lenses. Our description of atomic lenses is based in [19] . The frequency of the fields in these cavities ω is supposed to be strongly detuned from the atomic transition frequencies, not changing the internal states of the atoms with their passage. In this case we can describe the interaction by an effective Hamiltonian [19] 
2 where E(r) represents the electric field in the cavity and α n is the atomic linear susceptibility, that depends on the internal state |n of the atom
where ω n is the energy of the level |n andP an operator that corresponds to the atomic electric dipole moment. When the field frequency ω is much closer to one particular difference ω m − ω n (but not sufficiently close to induce a transition), we can consider only the last term in the square brackets in the sum above. So we can write the atomic linear susceptibilities for the states |i and |g as
with ∆ g ≡ (ω e − ω g ) − ω and ∆ i ≡ (ω g − ω i ) − ω. If we choose a frequency ω such that |∆ g | ≪ |∆ i |, it is possible that the component with internal state |g of the atomic wavefunction suffers the influence of the cavity field, while the component with internal state |i does not. If the field in the cavities C 1 and C 2 has an electric field node in the axis of the atomic beam and the width of the atomic beam is much smaller than the wavelength of the cavity field, we can consider the following Hamiltonian for the |g part of the atomic wavefunction in the cavity, expanded up to the second order in x [13, 19, 20 ]
where λ is the wavelength of the cavity field, |E 0 | 2 corresponds to an effective square of the electric field on an antinode of the cavity, that is an average of |E(r)| 2 on the z position inside the cavity in an antinode, Ω = | g|P|i · E 0 |/ is the Rabi frequency per photon of the system multiplied by 2π and N is the number of photons in each cavity. Let us disregard the kinetic energy term of the Hamiltonian inside the cavity [19] . If the atoms enter the cavity with a wavefunction ψ 0 (x)(|i + |g )/ √ 2 and interact with the cavity field during an effective time t i , the |g component of the atomic wavefunction will exit the cavity as
An optical converging cylindrical lens with focal distance f puts a quadratic phase −kx 2 /(2f ) on the electromagnetic beam [15] . By the analogy of the Schrödinger equation with the paraxial Helmholtz equation [10, 11, 12] , we see that the cavities act on the |g component of the atomic beam as cylindrical lenses with "focal time" t F and focal distance z F = v z t F . If we have z F = d/2, where d is the distance between the cavities C 1 and C 2 , the system will behave like the illustration in figure 3 . The cavity C 1 will transform the |g component of the wavefunction in a converging beam with the waist on a distance d/2 (represented by solid lines). After its waist, the beam will diverge until the cavity C 2 . The |g component of the wavefunction on the position of cavity C 2 will have the same width and the opposite quadratic phase of the state ψ ′ (x) above, so the cavity C 2 will transform the divergent beam in a plane-wave beam again. The |i component of the wavefunction, on the other hand, propagates as a plane-wave beam all the time (represented by dashed lines), as its interaction with the field of the cavities C 1 and C 2 is considered to be very small. If we now repeat the Ramsey interference experiment, we will observe a change of the positions of the fringes, because now the |g component acquires a π/2 Gouy phase due to the cylindrical focusing that is not shared by the |i component. So the interference pattern will be P ′ = cos 2 ((ω r −ω gi )t−π/2) . The difference on the positions of the minimums and maximums of the patterns, one constructed when the field that forms the atomic lenses is present on the cavities C 1 and C 2 and other when the field is removed, should attest the existence of the Gouy phase for matter waves.
Experimental parameters and discussion
As experimental parameters, we propose the velocity of the atoms v z = 50 m/s and a slit that generates an approximately Gaussian wavefunction for the atoms ψ 0 (x) ∝ e −x 2 /w 2 0 with w 0 = 10 µm. The mass of Rubidium is m = 1.44 × 10 −25 kg. With these parameters, the Rayleigh range of the atomic beam will be z r = k z w 2 0 /2 ≃ 3.5 m (where k z = mv z / ), much larger than the length of the experimental apparatus, what justifies the plane-wave approximation. On the cavities C 1 and C 2 , we consider an interaction time between the atoms and the atomic lenses t i = 0.2 ms, that corresponds to a width v z t i = 1 cm for the field on the cavities. The wavelength of the field of the cavities C 1 and C 2 must be λ ≃ 5.8 mm [21] , with frequency near but strongly detuned from the resonance of the transition |g ⇔ |e . The Rabi frequency is about Ω/(2π) = 47 kHz [21] and the detuning chosen is ∆ g /(2π) = −30 MHz, what makes ∆ i /(2π) = +3.2 GHz, such that with N = 3×10 6 photons, an effectively classical field, the focal distance for the atomic lenses is 10.5 cm for the |g component and −11 m for the |i component of the wavefunction. These parameters are consistent with a separation of d = 21 cm between C 1 and C 2 . All the proposed parameters can be experimentally achieved [21, 26, 27] .
The Rayleigh range z ′ r and the beam waist w ′ 0 of the focused atomic beam can be calculated using the analogy with the action of lenses in electromagnetic beams considering that the incident beam has plane wavefronts [15] : The interaction between the atomic beam and the field in the cavities C 1 and C 2 depends on the position x, according to (6) . If we do not want that photons be absorbed by the atoms, it is important that 4π
≪ 1 for the entire beam [28] . We have 4π
for the proposed parameters, where w 0 is the beam width, showing that the absorption of photons can be disregarded. It is also important that the cavities C 1 and C 2 have a large quality factor Q. This occurs because in (6) it was considered that the intensity of the electric field is exactly 0 in x = 0, what is impossible for real cavities. In fact, the ratio between the maximum and the minimum of intensity in a cavity should roughly be the quality factor Q. So the |g component of the beam also acquires a phase NΩ 2 t i /(∆ g Q) on the passage in each cavity, and this phase will be added to the accumulated Gouy phase. If we want that this undesired phase be smaller than π/20, we need Q > 4 × 10 6 for our proposed parameters. This can also be experimentally achieved [21, 26, 27] .
In our treatment for the atomic lenses, we disregarded the kinetic energy term of the atoms in the Hamiltonian. To verify that this assumption is in fact reasonable, we made the exact calculations for the problem, considering the kinetic energy term in the Hamiltonian following [20] , section 20.4. The basic difference on the results for the proposed parameters was a difference inferior to 2% for the focal distance of the atomic lenses. So the disregarding of the kinetic energy term does not represent a problem.
In our proposal, we used one particular combination of parameters for the experiment within today's experimental capabilities. It is important to stress that many of the proposed parameters can be varied in a wide range, making it possible to choose the most appropriate ones in an experiment.
The Gouy phase for matter waves could have important applications in the field of quantum information. The transversal wavefunction of an atom in a beam state can be treated not only as a continuous variable system, but also as an infinite-dimensional discrete system. The atomic wavefunction can be decomposed in Hermite-Gaussian or Laguerre-Gaussian modes in the same way as an optical beam [15] , which form an infinite discrete basis. This basis was used, for instance, to demonstrate entanglement in a two-photon system [29] . However, it is essential for realizing quantum information tasks that we have the ability to transform the states from one mode to another, making rotations in the quantum state. This can be done using the Gouy phase, constructing mode converters in the same way as for light beams [30, 31] . The mode converters can transform any mode (Hermite-Gaussian or Laguerre-Gaussian) into another mode of the same order. A mode converter is composed simply by two cylindrical lenses, that can focus and collimate the beam in one direction. As different modes in general acquire different Gouy phases through the focalization in one direction [15] , for a beam in a superposition of modes phase differences between the components can be included, and a combination of these converters is sufficient for making transformations between any two modes of the same order [31] . So the Gouy phase may make it possible to use atomic beams of a determinate order in quantum information schemes as q-dits. Recently electron beams in Laguerre-Gaussian modes had been constructed [32, 33] , and the same technique of [33] , which uses diffraction gratings to generate the beams, could be used to generate atomic Laguerre-Gaussian beams to be used in such schemes. It should be also possible to implement a similar scheme with trapped atoms, since the Hermite-Gaussian modes are the eigenstates of harmonic oscillators. In this case the focalization of the wavefunction could be made turning electromagnetic fields on and off.
Conclusion
We had proposed a feasible experiment to directly measure the Gouy phase for matter waves using atomic Ramsey interferometry. The experimental parameters necessary for the implementation were shown to be accessible under the current technology. The verification of the Gouy phase in matter waves has the possibility to generate a great amount of development in atomic optics, in the same way as the electromagnetic counterpart Gouy phase had contributed to electromagnetic optics. For instance, it can be used to construct mode converters for atomic beams and trapped atoms, with potential applications in quantum information.
